The soliton propagating in a horizontal granular chain with Hertzian contact damps due to graity in a vertical chain. We find that the type of damping is power-law in depth and the exponent of power-law for the amplitude approaches −1/12 for weak impulse. We also show that other quantities such as grain velocity, kinetic energy, and number of grains participating to signal as well as phase and group velocity follow power-laws. We explain these powerlaw behaviors by solving the equation of motion analytically in the small oscillation and continuum limit in which the nonlinear equation of motion is mapped into the linearized equation of motion with varying force constant.
dimensional systems. It is well-known that the velocity of elastic impulse scales as P 1/6 or h 1/6 for a vertical Hertzian chain [7] , where P is the pressure which is linearly proportional to the depth h of vertical chain. Sinkovits and Sen [8] extended it to arbitrary nonlinear contact force F ∝ δ p , where δ means overlapped distance. They showed that the velocity scales as h
2 for p ≥ 1 at large h. As far as we know, no power-law dependence on depth has been found in a gravitationally compacted chain except propagating speed.
In this Letter, we study the characteristics of shock propagation in the gravitationally compacted granular chain and show many power-law behaviors depending on depth. We treat here rather weak impulse which gives the motion of grains oscillatory and can be treated analytically. Initial impulse can be used as a parameter which controls solitariness of signal.
The power-law behaviors for a wide range of impulse will be discussed in a separated work [9] .
We first obtain various exponents of power-laws, such as amplitude, characteristic time (period) and length (wavelength), grain velocity, and kinetic energy through molecular dynamics simulations for the gravitationally compacted granular chain with Hertzian contact.
These power-law behaviors have never been studied before except signal velocity. Our sec-2 ond work is to derive these power-laws analytically in the small oscillation or weak impulse regime in which the equation of motion of a grain can be mapped into the equation of the linear chain with varying force constants at each contact. This equation of motion can be solved analytically in the continuum or long wavelength limit. The asymptotic behavior of the solution gives rise to all sorts of power-laws mentioned above. The solution is quite general and gives power-laws for arbitrary exponent p of contact force.
It is usually impossible to treat general nonlinear problem analytically, so we use molecular dynamics simulations to study the dynamics of grains in the gravitationally compacted chain with nonlinear contact force. We solve numerically the equation of motion of a grain at z n ,
where z n is the distance from the top of chain to the center of i-th spherical grain, m is the mass of grain, ∆ 0 is the distance between adjacent centers of the spherical grain, and η = (p+1)b where b is the constant defined in Eq. (2) below. Therefore, the overlap between adjacent grains at nth contact is δ n = ∆ 0 − (z n+1 − z n ).
We perform simulations for p = 3/2 which is the Hertzian contact for this study. This equation of motion comes from the Hertzian interaction energy between neighboring granular spheres which is given by [3] V (δ n ) = 2 5D
where R n is the radius of the spherical grain and
where σ n , σ n+1 and E n , E n+1 are Poisson's ratios and Young's moduli of the bodies at neighboring positions, respectively [3] .
To perform numerical simulation for Eq. (1), we choose a vertical chain of N = 2 × 10 predictor-corrector algorithm [10] . We choose 10 −5 m, 2.36 × 10 −5 kg, and 1.0102 × 10 −3 s as the units of distance, mass, and time, respectively. These units gives the gravitational acceleration g = 1. We set the grain diameter 100, mass 1, and the constant b of Eq. (1) 5657 for molecular dynamics simulation. The equilibrium condition
has been used for the (n + 1)th grain of a vertical chain. A criterion for the initial impulse exists to neglect plastic deformation [6, 11] and viscoelastic dissipation in experiment, which make Eqs. (1) and (2) 
and
where h is the distance from the top of chain to each signal.
We also find other depth-dependent power-laws showing dispersiveness of the signal.
They are the number of particles participating at the leading part of velocity signal, N(h), the elasped time to reach to maximum amplitude, T max (h), and the total kinetic energy of the leading part of velocity signal, K(h) which must satisfy the relation
We write here the power-law exponents of these quantities with error bounds:
We are now in a position to explain the signal dispersion due to gravity. This is done by deriving those power-laws analytically. Even though we may not solve the nonlinear differential equation of Eq. (1) analytically in general, but we can solve it analytically under the condition of small oscillation and contnuum limit. These conditions are acheived by applying weak impulse. We introduce a new variable
where the last term is sum of ovelaps up to nth contact and set z 0 = ψ 0 = 0. This change of variable makes Eq. (1) into an equation for the linearized horizontal chain with varying force constant, i.e.,
where µ n = µ 1 n 1− 
has been made to obtain Eq. (9). The expression in Eq. (9) for the continuum limit, i.e. a = δh is given by
where
, where a is the lattice constant, denoting the depth-dependence of force constant, and ρ = m/a and τ 1 = µ 1 a are the linear density and the tension of chain at first contact, respectively. We set c 1 = τ 1 /ρ which is the well-known speed of wave in the string of tension τ 1 and line density ρ.
We now choose ψ ζ (h, t) = e −ic 1 a
which is a type of Bessel's differential equations [12] . If we consider a solution propagating to positive h-direction, the solution of Eq. (12) is given by the Hankel function [12] 
where α = 1 2p
The asymptotic form of Eq. (13) at large h for a fixed ν is
and the displacement function becomes
The amplitude of displacement signal is given by the envelope function of the asymptotic solution, which scales as
The phase velocity v ph is obtained by setting the phase of Eq. (15) constant, i.e.,
The group velocity scales as that of phase velocity and the dispersion relation is linear but depth-dependent in this case.
Since the normal mode solution in Eq. (15) does not give any information on singnal dispersion, such as depth-dependent frequency, we construct the equation of motion for grain velocity independently and obtain the normal mode behavior for grain velocity. One can get the information on singnal dispersion by combining these two normal mode solutions.
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For this purpose, we take partial differentiation of Eq. (11) with respect to time, then we obtain the equation of motion for grain velocity,
Since the force constant of nth contact is changing with time, i.e., µ n (t) = ηpδ n (t) p−1 , where 
This is also a type of Bessel's differential equations [12] and the solution is
. Note that ξ = γ. The asymptotic form of the Hankel function at large argument for a fixed order [12] gives the depth-dependent behavior of grain velocity as follows:
and the normal mode of grain velocity is
Therefore, the grain velocity and displacement signal have the same phase velocity. The maximum grain velocity at depth h which we showed in Fig. 1(b) by numerical simulations is given by the envelope function of Eq. (22),
Even though the normal mode solution cannot yield the depth-dependence of oscillation frequency directly, one may obtain the information by combining the envelope functions of amplitude and grain velocity. The asymptotic solutions of Eq. (23) and Eq. (16) gives the signal dispersion due to gravity in the vertical granular chain as follows. The characteristic time of oscillation which is expressed by period is given by the ratio of amplitude of displacement to grain velocity, i.e.,
The characteristic length of oscillation, on the other hand, which is expressed by wavelength is given by multiplying period by phase velocity, i.e.,
We now obtained every information which the propagating signal can have in the weak impulse regime. This is a right place to compare the results given by numerical simulations in Eqs. (5)- (7) with theoretical predictions. For this purpose, we summarize here theoretical results for the Hertzian contact, i.e., p = 3/2:
These values are quite close to the corresponding values of numerical simulations shown in Eqs. (5)- (7). The number of grains participating to leading signal N(h) in Eq. (7) corresponds to λ(h) here and the kinetic energy of the leading signal
In conclusion, the propagating feature in vertical chain is dispersive due to gravity which induces the change in force constant at every contact. Therefore, the signal is no longer soliton which is the propagating mode in horizontal chain [4, 6] . We treat the problem analytically for arbitrary power-law type of nonlinear contact forces and obtain general features of dispersive phenomena for weak impulse in a gravitationally compacted chain by getting normal mode solutions in the small oscillation and continuum limit. We find various power-law behaviors depending on depth caused by gravity. This dispersive property is obtained by the information on both displacement and grain velocity. We also perform numerical simulations for the Hertzian contact for a rather weak impulse v i = 0.1 and show that the power-law exponents are remarkably agreed with theoretical predictions.
The general features of soliton damping due to gravity may be given by studying similar work for a wide range of impulse, which will be given near future [9] . The properties of signal propagation studied in this work are fundamentals of granular chain under gravity.
This work may be extended to higher dimensions and to more practical models for practical applications. This requires further work. 
